Interactions between the localized magnetic moments on a lattice that is incompatible with the underlying crystal geometry can lead to the emergence of exotic phenomena such as spin-ice and spin-liquid phases. For example, antiferromagnetic interactions are incompatible with a triangular lattice symmetry and give rise to geometrical frustration. In geometrically-frustrated magnets, there are several degenerate ground states rather than a single stable ground state, which can lead to novel emergent phenomena and the formation of unusual magnetic excitations such as magnetic monopole defects[@b1]. Monopole defects occur in pairs separated by Dirac strings and have been reported in a number of pyrochlore systems such as Ho~2~Ti~2~O~7~[@b2], and Dy~2~TiO~7~[@b3], however such phenomena are often seen only at extremely low temperatures and occur at an atomic scale, which makes them difficult to study experimentally. Model systems based on nanoscale magnetic islands or bars that act as Ising spins, patterned on various two-dimensional lattice geometries, have been realized experimentally and have been shown to exhibit similar phenomena such as monopole defects connected by Dirac strings[@b4][@b5][@b6]. The advantage of such systems is that the large energy scale makes them easier to control, and the effects are observable at room temperature. However, so far the most common lattice geometries that have been explored have long-range periodic symmetry, for example square, triangular, and hexagonal[@b4][@b7][@b8]. The combination of lattice aperiodicity with magnetic interactions can be expected to lead to further exotic excitations and the emergence of new physical phenomena.

Quasicrystals are metallic alloys that exhibit long-range order and rotational symmetry, yet possess aperiodicity. As a result, they lie between periodic crystals and disordered amorphous solids. Such long-range order along with aperiodicity modifies the electronic, vibrational and magnetic properties of the quasicrystals. In the last few years, there have been reports of long-range magnetic order as well as antiferromagnetic order observed in quasicrystals[@b9]. Although an increasing amount of research is being conducted on the family of local-moment bearing binary quasicrystals, there is a need for exploration of model systems to gain a deeper understanding of the magnetic interactions on an aperiodic lattice[@b10]. One of the key features of quasicrystals is the variation of coordination number from one lattice site to another. These variations lead to a different type of frustration as compared to that present in periodic or disordered lattices. In a periodic lattice, the frustration can be said to be isotropic, i.e. it affects all the lattice sites in the same way, whereas in disordered lattices, the frustration is random from each site to the next. Contrary to these cases, the frustration in quasicrystals is non-isotropic, however it is also not random due to the self-similarity of the lattice.

In order to understand the spatial effects of frustration, we need to be able to visualize the local magnetic moments and their spatial distribution, as well as get information from the ensemble lattice, particularly in response to external stimuli. Furthermore, there is interest in achieving the ground state for such magnetic interactions and understanding how deviations from it, i.e. magnetic excitations, manifest themselves. The aperiodicity of the QC lattice means that there cannot be a simple collinear magnetic ordered state, and previous Monte Carlo simulations on ferromagnetic Penrose tilings have shown the emergence of quasi-ferromagnetic order with ordered decagonal rings and a disordered frustrated phase inside the decagons[@b11]. Similarly, Monte Carlo simulations on *anti*ferromagnetic Penrose tilings have shown a fractal structure with mixed frustrated states present in the lattice[@b12]. However, experimental realization of such effects, in addition to realization of the ground state behavior and magnetic excitations, has only recently been reported[@b13][@b14].

Previous work on QC artificial spin ice lattices has largely focused on FMR studies of the dynamics of magnetic reversal[@b13][@b14][@b15]. In this work, we present analysis of the magnetic interactions, based on direct observation of a 2D quasicrystalline (QC) artificial spin ice lattice that has been lithographically-patterned from a ferromagnetic film. The artificial QC spin ice that we explore is a P2 Penrose tiling[@b13]. We report on the observation of the local magnetic structure using high resolution Lorentz transmission electron microscopy (LTEM). While recent work by Bhat *et al*. has shown direct observation of as-deposited and field-cycled QC lattices using scanning electron microscopy with polarized electrons and photoemission electron microscopy, these images were viewed in a more global sense to demonstrate the presence of long-range magnetic order in QC artificial spin-ice lattices[@b16]. We instead present a novel quantitative analysis of the spatial distribution of the energy landscape across the lattice based on mapping the configurations at each individual lattice vertex, which allows us to obtain a detailed profile of the energy landscape of the QC lattices. We have analyzed the QC artificial spin ice lattice in different states, namely as-fabricated, after rotational AC demagnetizing (see Methods section)[@b17], and after thermal annealing, to gain insights into the nature of the ground state, and to observe the magnetic excitations in the lattice. We also elucidate the dendritic avalanche mechanism by which magnetization reversal of the magnetic bars proceeds, using *in-situ* LTEM magnetizing experiments.

Energy landscape of the QC lattices
===================================

[Figure 1a](#f1){ref-type="fig"} shows a bright-field (BF) TEM image of QC lattice ii (see Methods for details). A convenient way to analyze the QC lattices is to consider the vertices at which the magnetic bars meet. There are nine distinct vertex motifs in each QC lattice, as shown in [Fig. 1b](#f1){ref-type="fig"}. Motifs 1--6 are found in the interior of the QC lattice, whereas motifs 7--9 occur only at the lattice edges. As can be seen in [Fig. 1b](#f1){ref-type="fig"}, the number of magnetic bars that meet at a vertex varies from two to five, with four distinct five-bar motifs that arise because of the different bar lengths and their spatial arrangement. Each bar can effectively be considered as an Ising spin, since the shape anisotropy confines the magnetization to lie along the length of the bar.

As the magnetization configuration changes for a given motif, so the energy of the motif changes. The energies of each vertex motif were calculated using the Object-Oriented MicroMagnetic Framework (OOMMF) software for all distinct configurations[@b18]. The arrows included on the bars in [Fig. 1b](#f1){ref-type="fig"} show schematically the magnetization directions that correspond to the lowest energy configuration for each vertex motif. For each motif, the lowest energy configuration was the one that minimized the effective magnetic charge at the center of the vertex, with the additional condition that all bars with magnetization pointing outwards (or inwards) from the vertex are adjacent. This second condition minimizes the exchange energy at the vertex and reduces the number of domain walls that must be formed, with the associated energy cost. [Figure 1c](#f1){ref-type="fig"} shows the calculated energies of the different magnetization configurations for each of the nine vertex motifs. The vertex motifs with fewer connected bars (1--3 and 7--9) have fewer possible magnetization configurations that are distinct in energy. The vertex motifs at which five bars come together (3--6) can take a larger number of possible magnetization configurations and, for motifs 5 and 6, the majority of these configurations have very similar energies. It should be noted that vertex motif 3 has very high symmetry and, therefore, high degeneracy for each of the low energy configurations.

A major advantage of using aberration-corrected LTEM is that we are able to obtain images of the magnetization configuration at each of the vertices with very high spatial resolution, on the order of 10 nm. [Figure 2a](#f2){ref-type="fig"} shows a color magnetic induction map of the center of QC lattice ii in the demagnetized state. The color wheel identifies the magnetization direction in each bar as determined by transport-of-intensity equation (TIE) reconstruction (see Methods section). Motif-2 vertices labeled (A) and (B) have the same magnetization configuration, and therefore show the same domain structure around the vertex, with a domain wall separating the bar whose magnetization points in the opposite direction to that of the other three. Similarly, motif-2 vertices (C) and (D) have the same magnetization configuration and thus show the same domain structure, however in this configuration no domain walls need to form as the magnetization within all of the bars points along the same general direction. [Figure 2b](#f2){ref-type="fig"} shows a color magnetic induction map of one of the transverse domain walls that are seen after annealing, which will be discussed in more detail later. All of the transverse domain walls that were observed show the same structure, which they adopt to lower the overall energy for bars containing head-to-head domains.

Artificial spin ice lattices are typically considered to be "athermal" systems, i.e. the magnetization is frozen in as the sample is being grown, due to their geometry and the size of the magnetic bars[@b7], and it has been shown that for lattices fabricated using electron-beam lithography the deposition process can leave large areas of the as-fabricated artificial spin ice lattice in the ground state. However, the QC lattices being discussed here are distinctly different from the typical artificial spin ice lattices reported earlier[@b7][@b19]. In the current study, we have fabricated the QC lattices using a top-down approach, i.e. the magnetic bars were patterned out from a continuous thin film using direct FIB milling[@b20][@b21]. As a result, we can expect that the as-fabricated state in our lattices will be significantly different[@b22], and will reflect the initial magnetization configuration in the unpatterned film, as discussed below.

In order to explore this behavior, we analyzed three different states for each of the four lattices: as-fabricated, demagnetized by rotating in a gradually-reducing alternating magnetic field[@b23], and finally thermally annealed by heating to 650 °C for 5 minutes followed by furnace cooling to room temperature[@b24]. The reconstructed, colored magnetic-induction maps for QC lattice ii are shown in [Fig. 3](#f3){ref-type="fig"} for (a) the as-fabricated, (b) the AC demagnetized, and (c) the thermally-annealed states. The inset color wheel shows the direction of magnetic induction as determined by the TIE phase reconstruction. Although differences were seen between the four lattices, the same qualitative conclusions can be drawn in each case. The as-fabricated state (seen in [Fig. 3a](#f3){ref-type="fig"}) shows an underlying anisotropy such that the magnetization in the bars tends to point as close as possible towards the blue direction, given the constraints of shape anisotropy. This is consistent with our observations of the Permalloy films in unpatterned windows using LTEM Fresnel contrast. This showed that the domains in the Permalloy film were much larger than the grid windows and thus the magnetization in each window before patterning was uniform. The underlying anisotropy in the as-fabricated QC lattices is likely therefore to be a result of the weak induced unidirectional anisotropy that was observed in the Permalloy film before patterning. This anisotropy disappears in the demagnetized state, as can be seen from the greater variety of colors visible in the image seen in [Fig. 3b](#f3){ref-type="fig"}, but appears again after heat treatment ([Fig. 3c](#f3){ref-type="fig"}). A number of transverse domain walls within the QC lattice bars are seen for the thermally-annealed state (see [Fig. 2b](#f2){ref-type="fig"} for an example), generally within bars that are close to the edge of the lattice.

We can use the color magnetic induction maps to explore the quantitative changes in the global magnetization magnitude, \|M\|. The longer bars aligned parallel or antiparallel to the *x* or *y* direction were assigned a magnetization value of +1 or −1, and the magnetization of the shorter bars was scaled relative to their length. The net magnetization of the fully magnetized lattice, in arbitrary units, is 139.2. The net magnetization for the as-deposited state is 128.7. After performing the demagnetization protocol, it decreases to 29.0, but, upon heating, goes back up to 128.7, indicating a partially aligned state. This increase in magnetization is unusual because previous experiments in which artificial spin ices were heated led to a reduction in magnetization[@b24]. While some of the discrepancy may come from differences in annealing conditions (our annealing was done at 650 °C for 5 minutes as opposed to 545 °C for 15 minutes), there is a further difference, in that previous annealing experiments were carried out on artificial spin ices made up of discrete bars. One possible explanation for our observation is that since we are analyzing lattices composed of connected bars, the exchange interactions at each vertex make it energetically more favorable for the magnetization in the bars that meet at that vertex to align along a common direction. This would lead to an overall preferred magnetization direction across the whole lattice and, therefore, to an increase in net magnetization. All four partially-aligned QC lattices showed the same preferential magnetization direction (despite there being five-fold rotational symmetry in the lattices). We attribute this to an effect of FIB patterning, based on our prior work indicating that this can induce a weak anisotropy, since all lattices were patterned in the same orientation. Further work on heating QC lattices needs to be done before any definite conclusions can be made as to the nature of this increase in magnetization.

The fact that the experimental color magnetic induction maps shown in [Fig. 3](#f3){ref-type="fig"} allow us to determine the magnetization configuration at each vertex, means that we can also determine the vertex energies. The total energy of the QC lattice was then determined by summing the vertex energies. It should be noted that this method counts the self-energy of each magnetic bar twice, since each bar connects two vertices and its self-energy is included in both calculations. However, the self-energy terms remain constant for each of the states we considered and therefore this is a valid method for exploring the energy *differences* between the various states. For configurations that contain a transverse domain wall, additional micromagnetic simulations of the bar containing the transverse wall and the two vertices on either side were performed. The energy of this simulation was used in place of simulations of the separate vertices. The self-energy of the bar containing the transverse domain wall was included twice in order to be consistent with the calculations for other configurations. The experimentally-determined total energy of each QC lattice in all three states is shown in [Fig. 3d](#f3){ref-type="fig"} with a different color line for each QC lattice. [Figure 3d](#f3){ref-type="fig"} also includes the energy of a simulated fully-magnetized lattice (2.19 × 10^−14^ J) for comparison with the experimental data. In all cases, the energy of the as-fabricated QC lattice is lower than that of a fully-magnetized lattice, and decreases further after demagnetizing. The average energy of as-fabricated QC lattices i--iv was calculated to be 2.11 × 10^−14^ J, decreasing to 2.06 × 10^−14^ J for the demagnetized state. For the annealing conditions that we used, the energy was observed to have increased, with the average energy being 2.09 × 10^−14^ J. This contrasts with previous work[@b24] that showed that thermal annealing of the QC lattices led to a state that was closer to the ground state than does demagnetization. For reference, the energy of the lattice if all of the vertices are in their lowest energy state, which may or may not be geometrically achievable, is 2.02 × 10^−14^ J.

In order to gain more insights into the energy changes of the QC lattices for different states, we explored the occupancy of the energy configurations for each vertex motif. [Figure 4a](#f4){ref-type="fig"} shows an energy-occupancy plot indicating the number of vertices at each energy value for each of the nine vertex motifs. The number of vertices has been summed across all four of the QC lattices analyzed. [Figure 4b](#f4){ref-type="fig"} shows an enlarged view of the occupancy plot for vertex motifs 4--6 so that the closely spaced energy configurations can be distinguished. The number below each data point indicates the number of vertices with that energy. After demagnetizing, the number of motif-2 vertices in the lowest energy configuration increased, and the same trend is observed for the three edge-vertex motifs (7--9). Conversely, motif-1 vertices tend to adopt configurations with higher energy after demagnetizing.

After the demagnetized QC lattices were thermally annealed, the majority of the motif-1 vertices relaxed back to their lowest energy configuration, however the number of motif-2 vertices in the excited state increased as compared to the demagnetized state. The motif 3--6 vertices, each of which connects five bars, generally remain in lower energy configurations for all states. As shown in [Fig. 1c](#f1){ref-type="fig"}, these five-fold vertices have a number of magnetization configurations that are very similar in energy, making it easy for them to change configuration without a significant energy cost. Analysis of the edge-vertex motifs (7--9) shows that more of them relax to their lowest energy configuration as the lattices go from the as-deposited state to the demagnetized state and then from the demagnetized state to the thermally-annealed state.

We also analyzed the spatial distribution of the vertex energies as shown in [Fig. 4c--e](#f4){ref-type="fig"} for QC lattice ii in the as-fabricated, AC demagnetized, and thermally-annealed states, respectively. Blue dots represent vertices in their lowest energy configuration and white dots represent those in their highest energy configuration, with red and yellow dots representing intermediate energies. Note that for each vertex it is only the *relative* energy between its possible configurations that is being considered. For all states, the majority of the vertices are in their lowest energy configuration. Considering only those vertices with higher energy, for the as-fabricated state, the majority of the higher-energy (excited) vertex configurations lie around the edge of the QC lattice and are relatively evenly distributed. After AC demagnetizing ([Fig. 4d](#f4){ref-type="fig"}), there are no longer any vertices in the highest energy configuration, and the majority of the edge vertices have relaxed to a lower energy. However the energy of a few of the inner vertices has increased, giving a total of 21 vertices that are in an excited state. Heating the QC lattice leads to further relaxation of the vertices, with a reduction of the total number of excited vertices from 21 to 12. All of the non-edge vertices for which the energy increased after heating were motif-2 vertices.

An example of magnetic frustration in the QC lattices is shown by the trend for the energy of motif-1 vertices to increase during the demagnetization process, and for the energy of motif-2 vertices to increase after thermal annealing. This occurs in order to allow surrounding vertices to adopt a lower energy configuration and thus lower the overall lattice energy. Conversely, motif-5 vertices are typically in a higher-energy configuration, regardless of the lattice state, again as a result of interactions with other vertices. The majority of the excited vertices occur towards the outer edges of the QC lattice, suggesting that the frustration effects accumulate at the lattice edges as having the edge vertices in an excited state has a minimal effect on the total energy.

The transverse domain walls that are observed after heating are of significant interest. At the length scale of the bars in the lattice, an individual single-domain bar has a lower energy than if it contains a transverse wall. However, when we take into consideration the energy of the vertices at either end, micromagnetic simulations showed that putting the bar in a single-domain state resulted in one of the two vertices at the end of the bar adopting a configuration with a higher overall energy. As a result, in order to expel the transverse wall, the magnetization would have to reverse in multiple bars. This suggests that the transverse walls are a transitional state that is frozen in as the QC lattice cools down. Pinning of the transverse walls during magnetization reversal, possibly as a result of crystalline defects within the bar, could also contribute to their presence.

As discussed above, the most obvious difference between the previous and current works is that the bars in our QC lattices are connected rather than being discrete islands. Another possibility is that, since the demagnetization protocol involves rotation, the increased rotational symmetry of the QC lattice allows for a more effective demagnetization process than in the square artificial spin ice lattices, as evidenced by the reduction in net magnetization to 25% of \|M\|~max~. Additional studies on the effect of various parameters such as annealing time and temperature, for example to determine the critical blocking temperature, are required before a heating protocol can be more effectively used to attain the minimum energy state.

Magnetization reversal process
==============================

In addition to exploring the change in energy following demagnetizing and thermal annealing, it is of interest to explore the process by which magnetization reversal occurs across the QC lattice during application of an external field. [Figure 5a](#f5){ref-type="fig"} shows a schematic of the experimental magnetization reversal of the QC lattice: the color of each bar indicates the applied field value at which its magnetization direction reversed (the field-value color key is shown at the right-hand side of the schematic), and the colored arrow on each bar indicates the final magnetization direction. The magnetization of the grey bars did not reverse over the visible applied field range. The large black arrow indicates the applied field direction. The first bars to reverse their magnetization (purple/blue colors) are isolated and lie near the edges of the lattice. As the applied field increases, localized clusters of bars reverse their magnetization via a dendritic avalanche mechanism, with each avalanche spreading out from the end of a previously reversed bar. Examples of individual cascades that formed at 89 G and at 103 G are shown in [Fig. 5b,c](#f5){ref-type="fig"} respectively. The formation of dendritic cascades can be attributed to the lack of translational symmetry and to geometric frustration within the QC lattice, which does not allow for a more orderly growth of Dirac strings via 1D avalanches that is observed in periodic artificial spin ice lattices[@b4].

The majority of the bars that are perpendicular to the applied field do not reverse their magnetization at fields low enough to be observed in the LTEM experiment, and this provides an energy barrier that can prevent the magnetization in adjacent non-perpendicular bars from reversing. The exception to this occurred in motif-1 vertices in which magnetization reversal of a perpendicular bar is required to prevent formation of the highest energy configuration (all three bars with magnetization pointing towards, or away from, the vertex). Notably, the motif-3 vertices, for which the high rotational symmetry allows a number of degenerate lowest energy configurations, were seen to maintain one of these degenerate configurations throughout the magnetization reversal via a number of bars reversing simultaneously.

An experimental hysteresis loop for the QC lattice seen in [Fig. 5a](#f5){ref-type="fig"} is shown in [Fig. 5b](#f5){ref-type="fig"}. The loop was reconstructed from the LTEM images. The net magnetization along the field direction was determined in a similar manner to that discussed in the previous Section to calculate the net magnetization for QC lattices i--iv, and an **M**-**H** hysteresis loop along the applied field direction could then be determined. The offset of the hysteresis loop by 25 G along the *x*-axis arises because of a residual field in the magnetizing holder. Accounting for this offset, the coercive field of the QC lattice is on the order of 80 G. The jumps in the hysteresis loop occur because the magnetization changes by relatively large steps as the magnetization direction in large clusters of bars reverses. These jumps in the hysteresis loops are equivalent to the "knees" seen in previous experimental observations of the hysteresis loop in QC lattices[@b13][@b25].

Discussion
==========

We have observed significant differences in the behavior of our QC spin ice lattices, with respect to that of periodic lattices, due to the lattice aperiodicity. The non-isotropic nature of the frustration in a QC lattice means that different vertex motifs behave differently: all motif-3 vertices tend to remain in their lowest energy configuration, with the associated frustration being accommodated by exciting the motif-1 and motif-2 vertices into high energy configurations. This is not only observed during AC field demagnetizing and thermal protocols, but also during the magnetization reversal process.

Although QC lattices lack translational symmetry, they possess high rotational symmetry, and as a result, the rotational demagnetizing protocol achieves the state that is closest to the ground state. In the lattices with lowest energy, we observe locally-ordered regions at motif-3 vertices, along with presence of a frustrated phase at the remaining vertex motifs. This is similar to the results obtained using simulations on ferromagnetic P3 Penrose tilings[@b12]. It is also interesting to note that the QC lattices have a very large number of degenerate ground states, mainly as a result of the degeneracy of the lowest energy for the five-fold vertices, as shown in [Fig. 1](#f1){ref-type="fig"}. The non-isotropic frustration in these lattices accounts for the presence of the transverse domain walls that are frozen into the system upon cooling, because their removal would require a local increase in energy that is too high to be achieved. It is likely that QC lattices, having non-isotropic frustration and a lack of translational symmetry are more prone to having these domain walls frozen in than periodic artificial spin ice lattices.

The aperiodicity also affects the magnetization reversal process of the entire lattice. We can correlate the jumps or "knees" in the hysteresis curve with simultaneous reversal of clusters of bars via a dendritic avalanche mechanism that we attribute to the variation in coordination number between vertices. This is a striking difference as compared to periodic 2D lattices where typically a 1-D avalanche-like reversal behavior is observed. Further modeling of the reversal of such lattices is required to understand the role of disorder. Such information can be very useful for understanding the behavior of low temperature spin glasses and nematic liquids, which show minor hysteresis loops due to disorder.

Our work has shown the importance of being able to visualize, *in-situ*, the local magnetization configuration in QC artificial spin ice lattices. Through direct visualization of the magnetic induction, we were able to calculate a configuration-based energy for the QC lattices that allowed us to explore their energy landscape under different conditions, to spatially resolve the vertex configurations that led to the changes in energy landscape, and to observe a novel magnetization reversal process.

Methods
=======

Four identical P2 Penrose-tiled quasicrystalline artificial spin ice lattices (QC lattices) were patterned via focused ion-beam (FIB) milling from a 20 nm thick Permalloy thin film deposited using sputter deposition onto the Si~3~N~4~ membrane of a Si TEM chip. We designate the lattices by i, ii, iii, and iv. The QC lattices are formed from a combination of kite and dart shapes, and this leads to the lattice being composed of two different magnetic bar lengths. The QC lattices were patterned so that the longer bars had a length of 2.03 μm and the shorter bars had a length of 1.13 μm. The width of all bars was 280 nm. The magnetization of the lattices was analyzed using LTEM with the sample sitting in a field-free region[@b26]. In order to reconstruct maps of the in-plane magnetic induction from the phase shift of the incident electrons, through-focus series consisting of at least nine BF TEM images were recorded with a defocus step of Δf = 270 μm. The transport-of-intensity equation (TIE) was used to obtain the phase of the electron beam[@b27]. The magnetic induction in the sample was then determined from the gradient of the phase (assuming uniform thickness of the sample) according to the equation:

The direction of the resulting magnetic induction is indicated via a color wheel.

Demagnetizating was carried out by rotating the sample in a decreasing AC magnetic field, following a similar protocol to that developed by Ke *et al*.[@b17]. The sample was rotated at 1000 RPM, the maximum field applied was 1000 G, and the field was decreased at a rate of 3.5 G per step, with each step being held for 1000 ms. These parameters were chosen based on our previous work to demagnetize square spin ice lattices[@b28]. Thermal annealing was carried out by heating the QC lattices in a sputter deposition chamber to 650 °C under vacuum and leaving them at temperature for 5 minutes before cooling. The heating source was an infra-red lamp and the lattices were positioned at least 45 cm away from the magnetron sputter target so as to prevent exposure to its magnetic field.

Simulations to calculate the energy of the various configurations for each vertex motif were carried out using the OOMMF software[@b18]. The simulation parameters that were used are as follows: the exchange constant used was *A* = 1.3 × 10^−11^ J · m^−11^, the anisotropy constant used was *K* = 0, and the saturation magnetization was *M*~*S*~ = 8.6 × 10^5^ A · m^−1^. The total size of the simulation was 4.5 μm × 4.5 μm × 20 nm, with a cell size of 5 nm × 5 nm × 5 nm. The initial configuration was determined from a bitmap, and the simulation was allowed to relax using a conjugate-gradient evolver.

We also carried out *in-situ* LTEM magnetizing experiments to understand the magnetization reversal process in the QC lattices. The configuration of our magnetizing holder required that a separate QC lattice be patterned from the same thickness of Permalloy film onto the Si~3~N~4~ membrane window on a 2 mm TEM Si chip. A slightly different P2 Penrose tiling, referred to as QC lattice v, was patterned, which is related to the pattern used for QC lattices i--iv by a 36° rotation of the central decagon. A magnetic field was then applied *in-situ* in the TEM and images were recorded at field values around a hysteresis loop. The maximum field that was applied was ±800 Gauss, but images were only visible over a field range of ±200 Gauss. The magnetization direction in each bar was determined from the Fresnel contrast in an under-focus BF TEM image, rather than using magnetic induction maps obtained from TIE reconstructions[@b26].
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![(**a**) Bright-field TEM image of QC lattice ii. (**b**) Schematics of the vertex motifs with arrows indicating the magnetization directions for the lowest energy states. (**c**) Energies of the vertex motif configurations.](srep34384-f1){#f1}

![(**a**) Color magnetic induction map of the central portion of QC lattice ii. Motif-2 vertices A and B have the same configuration as each other. Vertices C and D also have the same configuration as each other. (**b**) Higher magnification magnetic induction map of one of the transverse domain walls seen after thermal annealing.](srep34384-f2){#f2}

![Color magnetic induction maps for QC lattice ii in the (**a**) as-fabricated, (**b**) demagnetized, and (**c**) thermally-annealed states. The magnetization direction is indicated by the color wheel. (**d**) Plot of total energy vs state for the four different QC lattices (i--iv). Note that the energy for the fully-magnetized state was obtained from a simulation. The black arrows in (**a**) show the directions used for magnetization calculations.](srep34384-f3){#f3}

![(**a**) Plot of vertex energy occupancy for each state (the numbers of vertices are summed across all four QC lattices. (**b**) An enlarged view of the energy occupancy for vertex motifs 4--6. (**c**--**e**) Spatial distribution of higher energy states of vertex motifs for QC lattice ii in the (**c**) as-grown, (**d**) demagnetized, and (**e**) thermally-annealed states.](srep34384-f4){#f4}

![(**a**) Schematic created from Fresnel mode LTEM images, illustrating the magnetization reversal of QC lattice v. The bar color indicates the applied field value at which the magnetization in the bar reversed (see key at RH side) and the arrow shows the final magnetization direction. Large black arrow indicates applied field direction. (**b,c**) Schematics highlighting the dendritic cascades that occurs at 89 G and at 103 G. (**d**) Hysteresis loop for QC lattice v along the field direction shown in (**a**) (Loop reconstructed from the LTEM images). The blue and green dots show the locations of the cascades in (**b**,**c**), respectively, on the hysteresis loop.](srep34384-f5){#f5}
